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Bounds on Edge Shear Layer Persistence while

Approaching the Density Limit

Rameswar Singh and P H Diamond

Center for Astrophysics and Space Sciences, University of California San Diego, 9500

Gilman Dr., La Jolla, California 92093, USA

E-mail: rsingh@ucsd.edu

Abstract. This paper details the theory of edge shear layer collapse as the density

approaches the Greenwald density limit. It significantly extends earlier work which

was restricted in applicability. The zonal shear flow screening length is calculated

for banana, plateau and Pfirsch - Schluter regimes. Poloidal field scaling persists in

the plateau regime. Neoclassical screening and drift wave - zonal flow dynamics are

combined in a theory, which is then reduced to a predator - prey model. Zonal noise,

due incoherent mode coupling, is retained. The threshold condition for edge shear

layer collapse is computed, and linked to a critical value of the dimensionless parameter

ρs/
√
ρscLn. The limiting initial edge density for shear layer collapse is derived and

shown to scale favorably with plasma current. Results are discussed in light of density

limit and Ohmic phenomenology.
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 2

1. Introduction

During the past 50 years, considerable progress in understanding the physics of tokamak

confinement has occurred. One important concept which emerged during that evolution

was that of multiple confinement states, and the transitions between them [1]. Perhaps

the clearest examples of this are the L(Low) and H(High) confinement modes, which

are linked by the L→H transition [2–8]. Many other confinement modes and transitions

have been identified [9–25]. At the same time, interest in identifying and understanding

fundamental limits on performance developed. For example, beta limits [26] have

received intensive study. And the importance of the density limit [27] has risen, as

design for future devices plan on operation in high density regimes [28]. H mode

experiments show a density limit, somewhat lower than Greenwald density, above which

H-mode confinement cannot be sustained. This H mode density limit (HDL) causes a

return to L mode and sets a limit on H mode performance [29–33]. The Greenwald

density limit [27, 34], which is a disruptive limit in L mode, is remarkable in many

respects, perhaps most notably for its simplicity. It predicts a linear proportionality

between the limiting line averaged density nG and plasma current Ip, i.e., nG ∼ Ip.

While the density limit frequently is associated with macroscopic phenomena such as

multifaceted asymmetric radiation from the edge(MARFE) [35], MHD activity [36] and

disruptions, from the beginning, Greenwald himself emphasized the seemingly central

role of particle transport in the density limit [34]. In particular, he observed that

shallow pellet injection into plasmas with n ∼ nG triggered transient particle increased

relaxation to nG by transport rather than by disruption. Thus, the density limit

appeared to be fundamentally a ’soft’, transport limit, with disruption ensuing as a

secondary consequence of the strong edge cooling due to gas fueling.

Recent work has led to a merger, of sorts, between the two lines of research focusing on
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 3

Figure 1. Merging of two lines of research focusing on density limits and confinement

transitions.

density limits and confinement transitions, as schematized in figure(1). In particular,

two experimental studies have reported findings that link the decay of the ubiquitous

edge shear layer (in L mode) and a concomitant increase in turbulent particle flux to

the approach n/nG → 1. This is suggestive of a kind of ’back transition’ from a state of

turbulence + shear flow to one predominantly of turbulence, as n → nG. Such a ’back

transition’ would result in an increase in particle transport and thus a ’stiffening’ of the

edge density. In particular, Xu et al [37] examined the long range correlation (LRC) of

edge fluctuations, as n/nG increases. Fluctuation LRC is related to zonal flows, which
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 4

exhibit long toroidal correlation on account of their symmetry ( i.e., toroidal mode

number n = 0). Higher LRC means means stronger zonal flows, lower LRC means

weaker zonal flows. Xu et al [37] found a clear decline in LRC as measured by edge

probes as n → nG, suggestive of decay of the edge shear layer as n → nG. In a similar

vein, Hong et al [38] observed an increase in edge particle flux as a decrease in the

Reynolds power density coupled from fluctuations to the edge shear layer, while n/nG

varied between 0.3 → 0.6 →0.8. In both cases, as n/nG increased, the edge shear

layer decayed, and transport increased. Hong et al [38] also observed that turbulent

particle flux increases and Reynolds power decreases when the adiabaticity parameter

α = k2
‖v

2
the/ωνei drops below unity. In a related experiment, Schmid et al [39] showed

that shear layer production declined, particularly in α < 1 plasmas. Detailed analysis

contrasted the dominant turbulent fluctuation power transfer processes for α < 1 and

α > 1. Related theoretical work by Hajjar et al [40] showed that the decay of the shear

flow in α < 1 regimes is a consequence of decreased production. To see this, note that

for α > 1, the wave energy density flux is directly related to the Reynolds stress [41].

Thus causality sets the 〈kxky〉 correlation - characteristic of the ’eddy tilt’ - and thus, the

momentum flux. Zonal flow production results. However in the α < 1 hydrodynamic

regime, the wave energy flux is not simply proportional to the Reynolds stress, so eddy

tilting does not arise as a direct consequence of causality. Thus, zonal flow generation

is not straightforward in the α < 1 regime. Several basic simulations [42–46] confirm

this trend of finding waves and zonal flows for α > 1, and 2D turbulence for α < 1.

Finally, detailed analysis by Hajjar et al [40] indicates that turbulent viscosity increases

for α < 1. While the story so far is encouraging, many important issues remain open.

The most notable one is the origin of current scaling, so prominent in the Greenwald

limit. Another is that the α < 1 regime is rather special and likely is not relevant to
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 5

even the edges of present day tokamaks. While smaller, cooler devices may support an

edge with α < 1, larger, hotter devices won’t, yet the density limit still is manifested?!

More generally, the physics of shear layer decay (especially for α > 1) is not yet well

understood. The critical edge density for collapse is of great interest, and should be

calculated. Finally, we note that the Greenwald limit has not yet been linked to any

dimensionless ratios. So, a key question is what dimensionless ratio characterizes the

state of the edge shear layer and signals its collapse? Physics, after all, is encoded in

dimensionless ratios, so identifying the relevant one is of prime importance.

In this paper, we seek to improve and extend the theory of edge shear layer collapse.

The zonal flow screening length ρsc ∼ ρθ is calculated for the banana regime, plateau

and Pfirsh-Schluter regimes. Of particular note, we will show that favorable Bθ - scaling

of ρsc persists in the plateau regime, which is relevant in present day edge plasmas [47].

Using the screening results, we “marry” the neoclassical response to the calculations of

disparate scale interaction for drift wave - zonal flow turbulence, to derive a coupled

system for the evolution of zonal shear flow and drift wave energy. While the major

effect here is the familiar “negative viscosity” modulational instability, the model now

incorporates neoclassical screening and incoherent mode coupling emission into the

zonal modes. We refer to this important effect as ’zonal noise’ [48]. The system is

then simplified to obtain a 0D ’predator - prey’ model for turbulence and shear flow,

including zonal noise. This model is then analyzed to deduce the condition for shear

layer collapse. This condition is determined by turbulence growth, zonal flow damping

by viscous diffusion and / or charge exchange friction, and flow - fluctuation coupling.

Having obtained the fundamental criterion for flow shear collapse, we then proceed

to extract many relevant scalings. The key dimensionless ratio for zonal flow collapse

emerges as ρs/
√
ρscLn. Note that both ρs and ρsc - a consequence of neoclassical physics
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 6

- enter here! We then use particle balance to calculate the initial particle fueling source

Sn required to maintain the shear flow. This is readily converted to a limit on the local

edge density n < ncrit, where ncrit ∼ Bθ or ∼ B2
θ , depending up on the flow damping.

This yields a local edge “density limit”, which increases with plasma current! We discuss

how turbulent transport responds and increases when shear layer collapses. Our analysis

and results are not restricted to the α < 1 regime. Finally, we explore the interaction

of transport and radiative processes and propose a fueling - heat flux (Sn, Q) ’phase

diagram’ to describe the states of the edge plasma. Implications for density limit and

confinement regimes are discussed in some depth. Some suggestions for experiments are

presented.

The remainder of this paper is organized as follows. Section(2) presents the theory of

zonal flow screening in banana, plateau and Pfirsch-Schluter regimes. In Section(3), we

discuss the dynamics of the drift - wave zonal flow system with neoclassical polarization.

The poloidal field dependence of zonal intensity is discussed at length in Section(4). The

physics, critical scalings and consequences of the theory are presented in Section(5). The

principal results may be found there. Section(6) gives an extended discussion and the

conclusions.

2. Zonal flow screening in banana, plateau and Pfirsch-Schluter regimes

In this section, we discuss zonal flow screening. Of course, the zonal flow screening

scale is an essential ingredient for determining the edge shear layer structure and

strength. We revisit the zonal flow screening calculations of Rosenbluth and Hinton

in the banana regime and extend these to Plateau and Pfirsch-Schluter regimes. Note

that the original Rosenbluth-Hinton [49] and Hinton-Rosenbluth [50] calculations of

zonal flow screening were strictly limited to the banana regime. However, most edge
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 7

plasmas fall in the Plateau or Pfirsch-Schluter regimes. The gyro-phase independent

ion distribution function f follows

∂fk
∂t

+
(
v‖∇‖ + iωd

)
fk = − e

T
F0

(
v‖∇‖ + iωd

)
φ+ Cii(fk) + Sik (1)

where where F0 is a local Maxwellian, Cii is the linearized ion-ion collision operator, and

the magnetic drift frequency is ωd = ~k⊥·~vd. Here we assume all perturbed quantities take

an eikonal form φ(~r, t) =
∑

~k φk(t)e
iS with the eikonal S = S(ψ) and the radial wave

vector ~k⊥ = ~∇S. The magnetic drift ~vd =
(
~b/Ω

)
×
(
µ~∇B + v2

‖
~b · ~∇~b

)
has the radial

component ~vd · ~∇ψ = v‖~b · ~∇
(
Iv‖/Ω

)
. Then, following Hinton and Rosenbluth [50],

a convenient form of ωd can be written as ωd = v‖∇‖Q where Q = IS ′v‖/Ω. The

independent velocity variables used in the preceding equation are E = v2/2 and the

magnetic moment µ = v2
⊥/2B. The source term Sik is nothing but the E×B convective

nonlinearity in the gyrokinetic equation

Sik =
c

B

∑
k′

(
b̂× ~k′ · ~k′′

)
J0(k′⊥ρ)φk′fk′′ (2)

where ~k′′ = ~k − ~k′, J0 is a Bessel function and ρ = v⊥/Ω is the Larmor radius. To

solve equation(1) we decompose the total distribution function into an adiabatic and a

non-adiabatic part.

fk = − eφk
Ti
F0 +Hke

−iQ (3)

Using the fact that the zonal flow potential is independent of the position along a field

line, the non adiabatic distribution function Hk satisfies the following equation:

∂Hk

∂t
+ v‖∇‖Hk = eiQ

e

T
F0
∂φ

∂t
+ e−iQCii(Hke

−iQ) (4)

Now in the limit of long wavelength zonal flows Q << 1, one can expand Hk as

Hk = Hk0 +Hk1 +Hk2 + ... (5)
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 8

The leading order equation can be written as

∂Hk0

∂t
+ v‖∇‖Hk0 =

e

T
F0
∂φ

∂t
+ Cii(Hk0) (6)

This yields the leading order solution:

Hk0 =
e

T
F0φk, (7)

since v‖∇‖Hk0 = Cii(Hk0) = 0. The first order equation is

∂Hk1

∂t
+ v‖∇‖Hk1 = iQ

e

T
F0
∂φ

∂t
+ Cii(Hk1) (8)

since Cii(Hk0Q) = 0 due to momentum conservation in like-like collisions. The second

order kinetic equation can be written as

∂Hk2

∂t
+ v‖∇‖Hk2 = − Q2

2

e

T
F0
∂φ

∂t
+ Cii(Hk2) + iQCii(Hk1) + Cii(iQHk1) (9)

The distribution function to order Q2, can be written as

fk ≈
(
−iQ e

T
F0φk +Hk1

)
(1− iQ) +

Q2

2

e

T
F0φk +Hk2 (10)

Polarization density: The polarization density is obtained below. The time rate of

change of flux surface averaged polarization density 〈nkpol〉 =
〈´

d3vfk
〉

is

∂ 〈nkpol〉
∂t

=

〈ˆ
d3v

[(
−iQ e

T
F0
∂φk
∂t

+
∂Hk1

∂t

)
(1− iQ) +

Q2

2

e

T
F0
∂φk
∂t

+
∂Hk2

∂t

]〉
(11)

Inserting the expressions for ∂Hk1
∂t

and ∂Hk2
∂t

from equations (8) and (9) in the preceding

equation, and utilizing the properties of the linear ion-ion collision operator Cii , one

arrives at

∂ 〈nkpol〉
∂t

=

〈ˆ
d3v

(
−iQ e

T
F0
∂φk
∂t

+
∂Hk1

∂t

)
(−iQ)

〉
(12)
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 9

. This yields the following expression for the flux surface averaged neoclassical

polarization density to O(Q2)

〈nkpol〉 = −
〈ˆ

d3v
(
iQHk1 +

e

T
F0φkQ

2
)〉

(13)

Now we only need to solve the equation(8) for Hk1. Note that this is the most general

expression for the flux surface averaged polarization density 〈nkpol〉 in the long wave

length limit. It is valid for all collisionality regimes. To calculate the polarization

density in different collisionality regimes Hk1, needs to be evaluated accordingly. Then

the polarization screening response in frequency (p = iω) and wave number (k) space

follow from

εpolk,nc(p)
〈
k2
⊥
〉
φk(p) = − 4πe 〈nkpol〉 (14)

2.1. Plateau regime: ωb << νii << ωT

For ease of distinction between trapped and passing particles it is useful to introduce

the pitch angle variable λ =
v2⊥B0

v2B
where B0 is on-axis value of magnetic field and

h ≡ B0/B = R/R0 = 1 + εcosθ. Then the velocity element can be written as

d3v = 4πBEdEdλ/m2B0|v‖|. Using Q = IS ′v‖/Ω, the polarization density can be

written as:

〈nkpol〉 = n0
eφk
T
k2
⊥ρ

2
i

B2
0

B2
θ

3

2

ˆ
dλ

[〈
Ω0Ti

iσIS ′veφkF0

ˆ
dθ

2π
hHk1

〉
E

−
ˆ

dθ

2π
h2ζ

]
(15)

where ζ = |v‖|/v is the dimensionless parallel speed with σ = v‖/|v‖| and h = B0/B =

1 + εcosθ for a large aspect ratio circular tokamak, ε = r/R0. The energy average is

defined as

〈A〉E =

´∞
0
dEE3/2e−E/TA´∞

0
dEE3/2e−E/T

(16)
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 10

Using the expression for polarization density from equation(15), the above equation

yields

εpolk,nc(p) =
ω2
pi

ω2
ci

q2

ε2

3

2

ˆ
dλ

[ˆ
dθ

2π
h2ζ − 〈Gk(p)〉E

]
(17)

where

Gk(p) =
Ω0Ti

iσIS ′veφkF0

ˆ
dθ

2π
hHk1(p) (18)

and ε = r/R is the inverse aspect ratio, ωpi =
√

4πe2n0/mi is the ion plasma frequency,

ωci = eB0/mi is the ion gyro frequency at the magnetic axis, and ρi = vi/ωci is the

ion gyro radius. This form of the expression for εpolk,nc(p) is convenient for determining

of the separate contributions from trapped particles and passing particles. To solve for

Hk1, a subsidiary expansion in the smallness parameter ω/ωT = ε � 1 can be used in

equation(8).

Hk1 = H
(0)
k1 +H

(1)
k1 + ... (19)

Ordering ν/ωT = ε� 1, the leading order (O(ε0)) equation becomes

v‖∇‖H(0)
k1 = 0 (20)

This implies that H0
k1 is independent of poloidal angle θ. The equation at order (O(ε1))

becomes

∂H
(0)
k1

∂t
+ v‖∇‖H(1)

k1 = iQ
e

T
F0
∂φ

∂t
+ Cii(H

(0)
k1 ) (21)

Now a transit average of the above equation(21) annihilates the second term on the left

hand side. Then taking the Laplace transform of the transit averaged equation yields

H
(0)
k1 (p) = iQ

e

T
F0φk(p) +

1

p
Cii(H

(0)
k1 (p)) (22)
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 11

Here the distribution H
(0)
k1 (p) is Laplace transform of H

(0)
k1 (t) and is independent of θ.

The transit average is defined as Ā =
´

dθA

v‖~b·~∇θ
/
´

dθ

v‖~b·~∇θ
. For trapped particles, this

average is over a full bounce; while for passing particles, it is over one complete poloidal

circuit. Now since ν >> ωb in Plateau regime, trapping is not effective and hence the

trapped population effects can be ignored. This argument leads to

εpolk,nc(p) =
ω2
pi

ω2
ci

q2

ε2
[L − P(p)] (23)

where

L =
3

2

ˆ 1−ε

0

dλ

˛
dθ

2π
h2ζ = 1− 4

3π
(2ε)3/2 (24)

and

P(p) =
3

2

ˆ 1−ε

0

dλ 〈Gk(p)〉E (25)

Note that in banana regime

L =
3

2

[ˆ 1−ε

0

dλ

˛
dθ

2π
h2ζ +

ˆ 1+ε

1−ε
dλ

ˆ +θb

−θb

dθ

2π
h2ζ

]
= 1 (26)

Now we approximate the ion-ion collision operator by the Lorentz operator,

Cii(H
(0)
k1 ) = 2

(
Ti
miE

)3/2

νii
B0

B
ξ
∂

∂λ
λξ
∂H

(0)
k1

∂λ
(27)

where the ion-ion collision frequency is νii = 4πe4nlnΛ

m
1/2
i (2Ti)3/2

. Hereafter, following the

collisional calculation of of Xiao et al [51], one arrives at the following (approximate)

expression for P

P(p) =
1−Θ

1 + Γ0/pτii
(28)

Page 11 of 47 AUTHOR SUBMITTED MANUSCRIPT - NF-104387.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 12

where Θ = 1.6ε3/2 and Γ0 = 4(1+1.461
√
ε)

3
√
π

and τii is ion-ion collision time. The time

evolution of zonal flow potential is given by

φk(t) = φk(0)
1

2πi

ˆ
dp

p
ept

εpolk,cl

εpolk,cl + εpolk,nc(p)

= φk(0)
ε2/q2

ε2/q2 + L

[
1 +

1−Θ
ε2/q2 + L − 1 +Θ

e−γt
]

(29)

where the zonal flow damping rate is given by

γ =
(ε2/q2 + L) Γ0

τii (ε2/q2 + L − 1 +Θ)
(30)

Therefore, for times much longer than ion-ion collision time,

φk(∞)

φk(0)
=

ε2/q2

ε2/q2 + L
u
ε2/q2

L
=

1

L

(
Bθ

BT

)2

(31)

Note that for the banana regime, L = 1 and hence

φk(∞)

φk(0)
=

ε2/q2

ε2/q2 + 1
=

(
Bθ

BT

)2

(32)

This shows that the favorable magnetic field scaling of the residual zonal flow survives

in the plateau regime. As a result, the screening length in the banana-plateau regime

is ρsc =
√
ρ2
s + Lρ2

θ ≈ L1/2ρθ, where L = 1 for banana regime and L < 1 for plateau

regime. This implies the screening length in the plateau regime is smaller than that in

the banana regime.

2.2. Pfirsch-Schluter regime ω << ωT << νii

In this regime, the collisions are too frequent for particles to complete a single orbit.

Hence the transit average of equation(8) is not possible. Making a Chapman-Enskog

expansion in the small parameter ω/νii � 1

Hk1 = H0
k1 +H1

k1 +H2
k1 + ... (33)

Page 12 of 47AUTHOR SUBMITTED MANUSCRIPT - NF-104387.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 13

in equation(8) yields

ε0:

Cii(H
0
k1) = 0 (34)

ε1:

v‖∇‖H0
k1 = Cii(H

1
k1) (35)

ε2:

∂H0
k1

∂t
+ v‖∇‖H1

k1 = iQ
e

T
F0
∂φk
∂t

+ Cii(H
2
k1) (36)

Again, for the zonal mode one gets:

H0
k1 = iQ

e

T
F0φk +

ˆ
dtCii(H

2
k1) (37)

which yields

〈nkpol〉 = −
〈ˆ

d3v

ˆ
dt iQCii(H

2
k1)

〉
= 0 (38)

This immediately gives εpolk,nc = 0 and hence(
φk(∞)

φk(0)

)
Pfirsch−Schluter

= 1 (39)

As a result, the screening length in PS regime is same as the ion sound radius i.e.,

ρsc = ρs.

The main results of this section are summarized in table(1).

Collisionality regimes Screening length ρsc Residual zonal

flow φk(∞)
φk(0)

Bθ-dependence

Banana regime =
√
ρ2
s + ρ2

θ ≈ ρθ ≈
(
Bθ
BT

)2

Favorable

Plateau regime =
√
ρ2
s + Lρ2

θ ≈ L1/2ρθ ≈ 1
L

(
Bθ
BT

)2

Favorable

Pfirsch-Schluter = ρs = 1 None

Table 1. Summary of results in all the three regimes of edge collisionality. L is defined

in equation(24).
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 14

In summary, the screening lengths in the three regimes compare as ρPSsc � ρplateausc <

ρbananasc , hence the residual zonal potential strengths compare as(
φk(∞)

φk(0)

)
Pfirsch−Schluter

�
(
φk(∞)

φk(0)

)
plateau

>

(
φk(∞)

φk(0)

)
banana

(40)

Figure 2. Cartoon of screening in banana(left), plateau(center), and PS regimes

Given the same damping and drive, zonal flow is thus strongest in PS regime. The

poloidal field scaling of the zonal flow screening is lost there. The effective inertia is

limited to a gyroradius by high collisionality, because neoclassical polarization vanishes

in the PS regime. However, recent studies on the HL-2A tokamak suggest that the

edge is more likely to be in the plateau regime [47]. Hence, in the following section, we

utilize the plateau regime neoclassical polarization to obtain a novel drift wave zonal

flow model.

3. Zonal flow- drift wave system with neoclassical polarization

In this section we develop the theory of the drift wave zonal flow system with neoclassical

polarization. This is a well trodden subject. The new element here, and the goal of

this section is to understand how neoclassical polarization modifies the feedback loop
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 15

structure for the system. The Laplace transformed quasineutrality equation reads as:

ε(p)∇2φ(p) = 4πρ(p) (41)

where ε(p) = εcl(p) + εnc(p) =
ω2
pi

ω2
ci

{
1 + q2

ε2
L
}

. Note that we ignored the frequency

dependent contribution P(p) to the neoclassical polarization, since P(p) → 0 as

p = iω → 0 for the zonal mode. The inverse Laplace transform of the zonal component

gives

ω2
pi

ω2
ci

{
1 +

q2

ε2
L
}〈
∇2φ(t)

〉
= 4π 〈ρ(t)〉 (42)

where the angular bracket 〈...〉 represents flux surface averaging. Taking the time

derivative yields

∂

∂t

ω2
pi

ω2
ci

{
1 +

q2

ε2
L
}〈
∇2φ(t)

〉
= − 4π

∂ 〈Jr〉
∂r

, (43)

so

∂

∂t

ω2
pi

ω2
ci

{
1 +

q2

ε2
L
}〈
∇2φ(t)

〉
= − 4πe

ˆ
d3v [Si − Se] (44)

and

∂

∂t

{
1 +

q2

ε2
L
}〈
∇2φ(t)

〉
= − ∂

∂r

〈
δvEr∇2

⊥δφ
〉
. (45)

where Si,e =
〈
δ~vE · ~∇δfi,e

〉
. Here onwards, defining ε = 1 + q2

ε2
L and including viscous

damping, the zonal vorticity evolution equation becomes

d

dt
ε
〈
∇2
⊥φ
〉

= − ∂

∂x

〈
δvEr∇2

⊥δφ
〉

+ µ0∇2
⊥
〈
∇2
⊥φ
〉

(46)

where the first term on the right hand side is the divergence of vorticity flux. The

equation(46) is in dimensional form. For simplicity, the potential fluctuation is assumed

to be due to drift waves, governed by the Hasegawa - Wakatani model [52, 53]. The

ions are assumed to be cold i.e., Ti = 0. Note that Ti-effects are not crucial to wave
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 16

dynamics, but are important to the physics of zonal flows. Hence we adopt the Hasegawa

- Wakatani model.

d

dt
∇2
⊥φ̃+ ṽE · ~∇

〈
∇2
⊥φ̃
〉

= − χe∇2
‖

(
φ̃− ñ

)
−
{
φ̃,∇2

⊥φ̃
}

+ µ∇4
⊥φ̃ (47)

dñ

dt
+ ṽE ·

~∇〈n〉
〈n〉

= − χe∇2
‖

(
φ̃− ñ

)
−
{
φ̃, ñ

}
+D∇2

⊥ñ (48)

The above equations(47) and (48) have been written in dimensionless form. Potential

and density are normalized as ñ = δn/n, φ̃ = eδφ/Te, respectively. Time and

space are normalized as t = ωcit, x⊥ = x⊥/ρs. The normalized E × B velocity is

ṽE = δvE
cs

= ẑ × ~∇φ̃, χe = v2
te/νeiΩi is electron parallel diffusivity, vte =

√
2Te/me is

electron thermal speed, µ is the normalized ion viscosity µ = µ0/ρ
2
sΩi and D is the

normalized collisional particle diffusivity D = D0/ρ
2
sΩi. The above equations describe

the nonlinear evolution of vorticity fluctuation ∇2
⊥φ̃ and density fluctuation ñ, which are

coupled through parallel electron diffusivity χe. The parallel wave length is k‖ ∼1/qR,

and perpendicular wavelength is k⊥ρs ∼ 1 so that k‖ � k⊥ and the equations(47)

and (48) describe a quasi-two-dimensional system. Defining the adiabaticity parameter

α ≡ χek
2
‖/ωk, the adiabatic regime correspond to α� 1 and the hydrodynamic regime

correspond to α� 1. The set of equations(46), (47) and (48) constitute a self-consistent

model for the coupled drift wave zonal flow system with neoclassical polarization effect.

Linearized equations (47) and (48) support the dissipative drift wave dispersion relation:

k2
⊥ω

2
k + iωkα̂

(
1 + k2

⊥
)
− iω?eα̂ = 0 (49)

where α̂ = χek
2
‖ = χe/q

2R2 and ω?e = (ρs/Ln) ky is the drift frequency normalized

by Ωci. Observe the q-dependence of the adiabaticity parameter via the parallel wave

number. Notice that higher q (at fixed R) drive the system towards the hydrodynamic

regime. The behavior of the Hasegawa - Wakatani model in different adiabaticity regimes

is summarized in table(2).
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 17

Collisionality regimes

( α ≡ χek
2
‖/ωk)

ñ and φ̃

correlation

vorticity

eqn(47)

density

eqn(48)

Linear eigen values

adiabatic ,

α� 1

ñ ≈ φ̃, strong

correlation

Hasegawa-Mima

equation [54].

ωrk = ω?e/ (1 + k2
⊥)

γk = k2
⊥ω

2
rk/α̂ (1 + k2

⊥)

hydrodynamic,

α� 1

weak correlation 2D

Navier-Stokes

Passive

scaler

ωrk = sign(ky)γk
γk = (α̂ |ω?e| /2k2

⊥)
1/2

Table 2. Behavior of Hasegawa - Wakatani model in adiabatic and hydrodynamic

regimes.
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Figure 3. Real frequency and growth rate in the adiabatic regime, obtained from

numerical solutions of equation(49). The growth rate drops with α̂ while real frequency

remains almost independent on α̂.
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Figure 4. Real frequency and growth rates in the hydro regime, obtained from

numerical solutions of equation(49). Both real frequency and growth rate increases

with α̂.
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 18

The numerical solutions of the dispersion relation equation(49) in the adiabatic and

hydro regime are plotted in figures(3) and (4), respectively. Notice that in adiabatic

regime, ωrk ∼ α̂0, γk ∼ 1/α̂. On the other hand, in hydro regime ωrk = γk ∼ α̂1/2.

4. Poloidal field dependence in zonal intensity

Here we study the poloidal field dependence of modulational growth and zonal

polarization noise in the spectral evolution of zonal intensity. The aim here is to

understand how consideration of neoclassical polarization modifies existing theoretical

results. To start, the H-W system in spectral form reads

(
∂

∂t
+ µk2

⊥ +
α̂k
k2
⊥

)
k2
⊥φk − α̂knk =

1

2

∑
~p+~q=~k

ẑ · ~p× ~q
(
q2 − p2

)
φpφq (50)

(
∂

∂t
+ α̂k

)
nk + (−α̂k + iω?e)φk =

1

2

∑
~p+~q=~k

ẑ · ~p× ~q (φpnq − φqnp) (51)

For this two field drift wave turbulence model, the conserved (ideal) quantities are kinetic

energy E =
∑

k Ek =
∑

k
1
2
k2 |φk|2 and fluid enstrophy Z =

∑
k Zk =

∑
k

1
2
k4 |φk|2, the

internal energy En =
∑

k Enk =
∑

k
1
2
|nk|2 and the cross-correlation C = 〈n∇2

⊥φ〉 =∑
k k

2
⊥nφ

?
k. A detailed study of the coupled evolution of kinetic energy, internal energy

and cross correlation spectra has been discussed recently in Ref [48]. Here we focus

only on how neoclassical polarization modifies the spectral evolution of zonal kinetic

energy spectra. The evolution equation for the kinetic energy spectra is obtained by

multiplying the equation(50) by φ?k and adding the resulting equation with the conjugate

of equation(50) multiplied by φk. Taking statistical average (denoted by the angular

bracket 〈〉) of the resulting equation yields an energy equation (equation(17) of Ref [48]).
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 19

For the zonal mode ky = k‖ = 0, so the zonal kinetic energy spectrum equation becomes:(
∂

∂t
+ µk2

⊥

)
εk2
⊥
〈
|φk|2

〉
= <

∑
~k=~p+~q

ẑ · ~p× ~q
(
q2 − p2

)
〈φ?kφpφq〉 (52)

Figure 5. Geometry of wave interaction triad such that ~k = ~p+ ~q. The small leg ~k is

the zonal mode.

Energy in the zonal wave number ~k is fed by the momentum conserving triad

interactions, as shown in figure(5). The zonal kinetic energy is determined by the triple

correlation of zonal mode potential φk with the wavy mode potentials φp and φq. The

triplet correlations 〈φ?kφpφq〉, appearing on the right hand side of equation(52), are

determined by the phase coherency among the three modes ~k, ~p, ~q. Triad interactions

are approximated using standard closure theory methods. These are discussed in detail

in Ref [48]. The interactions can be identified as incoherent emission or coherent

interaction. Then the incoherent emission part of the triad correlation is:

〈δφ?kφpφq〉 = Θkpq
1

εk2
r

ẑ · ~p× ~q
(
q2 − p2

) 〈
|φp|2

〉 〈
|φq|2

〉
(53)

where the triad interaction time is

Θkpq =
1

i (ωp + ωq) + ηk + ηp + ηq
(54)

Notice that ω is the linear (complex) frequency and η is the nonlinear damping rate of
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 20

turbulence. Similarly, the coherent part of the triad correlation is:

〈φ?kδφpφq〉 = Θkpq (ẑ · ~p× ~q) ap
(
k2 − q2

) 〈
|φq|2

〉 〈
|φk|2

〉
+ Θkpq (ẑ · ~p× ~q) bp

(〈
|φq|2

〉
〈nkφ?k〉 −

〈
|φk|2

〉 〈
n?qφq

〉)
(55)

The coupling coefficients ap and bp are

ap =

(
1− iωp

α̂p

)
bp; bp =

1

det(Ap)
(56)

where ωp is the frequency of the linear eigenmode and det(Ap) is given by

det(Ap) =

√
(1 + p2)2 − 4iω?e

(
p2

α̂p

)
(57)

Hence, the zonal spectral intensity equation becomes:(
∂

∂t
+ 2µk2

x

)〈
|φk|2

〉
+ 2η1k

〈
|φk|2

〉
+ < [2η2k 〈nkφ?k〉] = Fφk (58)

In the above equation(58), the second term on the left, proportional to zonal intensity,

represents nonlinear damping of the zonal mode. The damping rate is:

η1k = −<
∑
~k=~p+~q

1

εk2
x

(ẑ · ~p× ~q)2 (q2 − p2
)

Θkpq

[
ap
(
k2 − q2

)
− bp

〈
n?qφq

〉〈
|φq|2

〉] 〈|φq|2〉 (59)

The third term on the left hand side of equation(58) includes coupling to zonal cross

correlation 〈nkφ?k〉 with the cross coupling coefficient given by

η2k = −
∑
~k=~p+~q

1

εk2
x

(ẑ · ~p× ~q)2 (q2 − p2
)

Θkpqbp
〈
|φq|2

〉
. (60)

Finally, the term on the right hand side is the zonal nonlinear noise/ polarization noise:

Fφk = <
∑
~k=~p+~q

1

(εk2
r)

2 (ẑ · ~p× ~q)2 (q2 − p2
)2

Θkpq

〈
|φp|2

〉 〈
|φq|2

〉
(61)

Note that the zonal noise term here is exactly the same as the zonal noise term for

the Hasegawa-Mima equation, and is always positive definite. It is determined by the

advection of vorticity. However, the eddy damping term is different from that for the
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 21

Hasegawa-Mima case, due to non-adiabaticity of electrons. This is discussed in Ref [48]

and we do not repeat it here. Only the adiabatic regime (α > 1) is considered. Using

k2 � q2 and expanding around ~p = −~q, the nonlinear damping rate becomes:

η1k =
∑
~q

k2
xq

2
y

ε
Θ

(r)
k,−q,qqx

∂

∂qx

[(
a−qq

2 + b−qR
?
q

)(r)
Iq

]
(62)

Thus, nonlinear damping rate of the zonal flow scales with poloidal field as η1k ∼ ε−1 ∼

B2
θ . Since, < [η2k 〈nkφ?k〉] = η

(r)
2k < 〈nkφ?k〉 − η

(i)
2k= 〈nkφ?k〉, one needs to evaluate both real

and imaginary parts of the cross-coefficient η2k. Using the expansion procedure outlined

above, the real part of η2k becomes

η
(r)
2k = −

∑
~q

k2
xq

2
y

ε
Θ

(r)
k,−q,qqx

∂

∂qx

[
b

(r)
−qIq

]
(63)

and the imaginary part becomes

η
(i)
2k = −

∑
~q

k2
xq

2
y

ε
Θ

(r)
k,−q,qqx

∂

∂qx

[
b

(i)
−qIq

]
= 0 (64)

Note that η
(i)
2k = 0 due to the qy-symmetry of b

(i)
q - i.e., it is odd in qy. This means

that only < 〈nkφ?k〉-i.e., the real part of the zonal cross-spectrum, affects the evolution

of zonal intensity. Thus the cross-transfer rate scales with current η
(r)
2k ∼ ε−1 ∼ B2

θ .

Similarly the zonal noise term can be reduced to

Fφk =
∑
q

4

ε2
q2
yq

2
xΘ

(r)
k,−q,qI−q(t)Iq(t) +O(k2

r/q
2
r)

≈ 4

ε2

∑
q

Π2
qΘ

(r)
k,−q,q (65)

where Πq = qyqrIq is the spectral form of Reynolds stress. The nonlinear zonal noise

scales with current as Fφk ∼ ε−2 ∼ B4
θ . Notice that zonal noise has stronger Bθ scaling

than the modulational growth rate.

For the relevant adiabatic regime ωq < α̂q, the linear density - potential response
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 22

function, can be reduced to

Rnq =

(
1− iω?e

α̂q

)(
1− i ω

α̂q

)−1

= 1 +
q4
⊥

1 + q2
⊥

1

α2
q

− iq2
⊥
αq

+O
(

1

α3
q

)
(66)

The coupling parameters in the adiabatic regime become

aq =

(
1− i

αq
+

1

1 + q2

q2
⊥
α2
q

)
bq (67)

bq =
1

1 + q2

(
1 + i

2

1 + q2

q2

αq

)
+O

(
1

α2
q

)
(68)

. Using the expression for Rq in the adiabatic regime, the nonlinear zonal damping rate

becomes

ηzonal1k =
∑
q

k2
xq

2
y

ε
Θ

(r)
k,−q,qqx

∂

∂qx

[(
1− 2q4

⊥

(1 + q2
⊥)

2

1

α2
q

)
Iq

]
(69)

This shows that the nonlinear damping of zonal flow is negative when the turbulence

intensity spectrum satisfies ∂Iq
∂qr

< 0, which is usually the case. In this case, ’negative

viscosity’ results -i.e., η
(r)
1k < 0 and ∼ k2

x, symptomatic of transfer to large scales. The

total growth Gk of zonal flows is determined by η
(r)
1k and the linear damping µk2

x, so,

Gk = −η1k − µk2
x. Gk defines a critical spectral slope for marginality to modulational

instability. It is also clear that the zonal growth rate is maximal for the strongly

adiabatic regime, when αq →∞. This suggests that non-adiabatic density fluctuations

inhibit the inverse transfer of energy to zonal flows.

The cross-coefficient η
(r)
2k is independent of α since b

(r)
q (from equation(68)) is independent

of α. Hence, η
(r)
2k is always positive for negative spectral slope. This means that the

zonal cross correlation can cause either forward or inverse transfer of energy, depending

on the sign of the cross-correlation 〈nkφ?k〉(the relative phase between zonal density and

potential).
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 23

A straightforward but tedious calculation of 〈nkφ?k〉 shows that the real part of the

zonal cross-spectrum < 〈nkφ?k〉 < 0 [48]. Since η
(r)
2k > 0, this means that, < 〈nkφ?k〉 adds

to growth of zonal intensity i.e., the backward transfer of turbulent kinetic energy.

5. Shear layer collapse: Physics, Critical scalings and Consequences

Here we determine the conditions for zonal flow collapse, as predicted by a simple

predator prey model which evolves turbulence and zonal flow energy. This is appropriate

to the L-mode edge, where ∇P is weak, so diamagnetic electric fields are negligible. For

this purpose, we follow the predator - prey model of Ref [48], which evolves turbulence

energy Et and zonal flow energy Ev in 0D. The turbulence energy Et evolves as

∂Et
∂t

= γEt − σEvEt − ηE2
t . (70)

The first term on the right hand side represents linear growth of turbulence, with growth

rate γ. The second term represents turbulence damping due to shearing - i.e., scattering

in kx-space induced by the zonal flow shearing field, approximated as stochastic. The

third term represents the nonlinear damping of turbulence, by self-interaction - i.e.,

nonlinear transfer to dissipation. The zonal flow energy Ev evolves as

∂Ev
∂t

= σEtEv − γdEv + βE2
t (71)

where the first term on the right hand side represents modulational growth of zonal

flow. This necessarily conserves energy against the second term in equation(70) -

i.e., stochastic straining of turbulent eddies results in energy transfer to zonal flows.

The second term on the RHS of equation(71) represents damping of zonal flow by

viscous, ionization and charge exchange friction, with total damping rate γd. The
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 24

third term βE2
t on the right hand side of equation (71) represents drive by zonal

noise, as discussed in Ref [48]. Equations(70) and (71) are normalized as follows:

t ≡ tΩi, γ ≡ γ/Ωi, σ ≡ σ/Ωi, γd ≡ γd/Ωi, η ≡ η/Ωi, β ≡ β/Ωi, Et = q2
y |eφq/Te|

2

, Ev = k2
x |eφk/Te|

2, kx ≡ kxρs and qy ≡ qyρs. The parameters of this model are

the normalized linear growth rate γ = (q2
⊥/α̂)ω2

?e/ (1 + q2
⊥)

3
for the (usually relevant)

adiabatic regime, where α̂ = q2
‖v

2
te/νeiΩi is the adiabaticity parameter, normalized

zonal growth coefficient σ =
∑

q (2/ε) k2
xΘ

(r)
k,−q,q, normalized zonal noise coupling

parameter β =
∑

q (4/ε2) k2
xq
−2
y q2

xΘ
(r)
k,−q,q. The normalized nonlinear damping rate is

η ≈
∑

q q
2Θ

(r)
k,p,q. Nonlinear damping (or eddy damping) results from the phase coherent

part of the triplet correlation 〈φ?kφpφq〉 emerging as a consequence of the momentum

conserving triad interaction in the turbulent kinetic energy equation [48]. Here Θ is

the normalized triad interaction time, defined in equation(54). For simplicity, Θ can be

approximated as the wave correlation time τc & ω−1
?e . The zonal flow damping rate γd is

the sum of viscous (collisional) and ionization and charge exchange damping rates, and

is given by :

γd = γvisc + γicx = µk2
x + (〈νσ〉i + 〈νσ〉cx)nn/Ωi =

ρ2
i νii
ρ2
sΩi

k2
x + (〈νσ〉i + 〈νσ〉cx)nn/Ωi(72)

Notice that viscous damping depends on ion density as well as the wave number of the

zonal flow kx. Ionization and charge exchange damping are independent of ion density,

and scale free. The zonal flow is a mesoscopic mode, with radial scale lz lying between

the ion larmor radius (microscale) and system size (macroscale). Frequently, one takes

lz u
√
ρsLn ∼ 10ρs − 30ρs as an approximate zonal flow scale. This is true for PS

regime where screening length is same as the ion sound radius i.e., ρs = ρsc. This

suggests that lz ∼
√
ρscLn, in general. Since ρPSsc � ρplateausc < ρbananasc , this implies

lPSz � lplateauz < lbananaz . The neoclassical polarization dependence of the parameters

(σ ∼ ε−1 ∼ Bθ and β ∼ ε−2 ∼ B2
θ ) makes this model suitable for study of the scalings of
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 25

zonal collapse. It differs from previous incarnations of this family of shear flow transition

models [55].

The above equations(70) and (71) yield, for steady state:

σEv = γ − ηEt (73)

and

(σε− γd)Ev + βE2
t = 0 (74)

Defining Et1 = γd/σ and Et2 = γ/η and using the above equations, the fixed points

follow from the roots of :(
1− β

η

)
E2
t − Et (Et1 + Et2) + Et1Et2 = 0. (75)

These are:

E±t =

(Et1 + Et2)±
√

(Et1 + Et2)2 − 4
(

1− β
η

)
Et1Et2

2
(

1− β
η

) (76)

The corresponding zonal flow energies are

E±v = σ−1
(
γ − ηE±t

)
(77)

Note that for the case without noise (β = 0), E+
t0 = Et2, E−t0 = Et1, E+

v0 = 0

and E−v0 = σ−1η (Et2 − Et1). It is straightforward to show that the fixed point(
E−t0, E

−
v0

)
= (Et1, σ

−1η (Et2 − Et1)) is stable.

There is a clear threshold (in growth rate γ) for excitation of zonal flow in the noise

free case. The threshold reflects the fact that a critical level of turbulence intensity is

required to overcome the flow damping, so as to induce modulational instability. This is

consistent with numerical solutions, plotted in Figure(6). The phase plane in Figure (6)

is obtained by performing a linear growth rate scan, with noise strength as a parameter.

The figure indeed shows that, without noise, there is a threshold in growth rate for

appearance of stable zonal flows. This threshold is set by the contest between insta-
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Bounds on Edge Shear Layer Persistence while Approaching the Density Limit 26

bility growth and flow damping, as mediated by fluctuation → flow energy coupling.

Below the threshold, there is only turbulence, and no zonal flows. Above the threshold,

turbulence and zonal flows co-exist. Upon ramping up the growth rate, but remain-

ing below the threshold, the turbulence energy increases in proportion to γ/η , until it

’locks’ at the threshold γd/σ. Beyond the threshold, turbulence energy remains fixed at

the value γd/σ, while the zonal flow energy continues to increase as σ−1η (γ/η − γd/σ).

Any free energy surplus beyond the threshold of turbulence growth (noting that growth

γ ∼ ∇n,∇T - the free energy) is channeled into the flow. In contrast, with noise,

both zonal flow and turbulence co-exist at any value of the growth rate -i.e., there is

no hard threshold for zonal flow excitation. Both zonal flow and turbulence energy in-

crease with growth rate. In this case, zonal flow energy is related to turbulence energy

by Ev = βE2
t / (γd − σEt). Note that with noise, the turbulence energy never actually

hits the modulational instability threshold, absent noise! Significant zonal flows are

generated well below the modulational instability threshold. This does not mean that

the modulational growth of zonal flow is absent! Without noise, modulational growth

requires an initial seed field (a non-zero initial condition). This initial seed is irrelevant

to the growth of zonal flows with noise. Noise itself acts as a seed for the zonal flow

growth. Note that without modulational growth, the saturated level of zonal flow will

be lower, and so the turbulence level will be higher, than the values shown in Figure(6).
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0 0.2 0.4 0.6
0

0.5

1

1.5

Figure 6. Zonal flow energy Ev vs turbulence energy Et in a linear growth rate γ

scan with noise strength β as a parameter.

The above analysis established that there is no hard threshold for zonal flow

emergence with noise. Rather, as linear growth increases, there is a continuous evolution

from a state of weak zonal flow shear to a state of strong zonal flow shear . This can

be seen in figure(6), where the blue and red curves show the zonal flow energy and

turbulence energy phase curves, with zonal noise present. We take zonal flow ’collapse’

to mean this continuous evolution from high shear to low shear - i.e, collapse is seen as

a ’soft’ transition. This means that zonal flow decay occurs when the zonal flow energy

falls below a critical value Evc i.e.,

Ev < Evc (78)

Now, Evc is simply the upshift of the zero zonal energy state induced by noise.

Proceeding perturbatively (as in Ref [48]),

Evc =
β

η

η

σ

(
E−t0
)2

E+
t0 − E−t0

(79)
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and

E±v = E±v0 ∓
β

η

η

σ

(
E±t0
)2

E+
t0 − E−t0

+O
(
β2

η2

)
(80)

Hence,

Ev < Evc =⇒ E−v0 < 0 (81)

This means that the criterion for zonal flow collapse with noise tracks that for collapse

of zonal flow, as predicted by the noise-free predator - prey model.

Without noise, the criterion for stable zonal flow emergence is

E−v0 > 0 =⇒ σ−1
(
γ − ηE−t0

)
> 0 =⇒ γ > η

γd
σ

(82)

. This means that the criterion for zonal flow decay and collapse is:

E−v0 < 0 =⇒ γ < η
γd
σ

(83)

The inequality(82), which specifies the condition for zonal flow persistence, can be cast

in the form

q2
⊥
α̂

ω2
?e

(1 + q2
⊥)

3 > η
γd

2
ε
k2
xΘ

=⇒ ρs√
ρscLn

>

[
η

Ωi

γd
2k2

xρ
2
sΘΩ2

i

α̂

q2
⊥ρ

2
s

(1 + q2
⊥ρ

2
s)

3

q2
yρ

2
s

]1/4

(84)

where ρsc is the zonal flow screening length, given by ρ2
sc = ερ2

s = ρ2
s + Lρ2

θ,

and discussed in Section(2). All quantities on the RHS of equation(84) have been

written explicitly, in dimensional form. This shows that zonal flows collapse when the

dimensionless scale length ratio ρs/
√
ρscLn falls below a critical value, determined by the

zonal flow damping rate γd, turbulence nonlinear damping rate η, triad interaction time

Θ and adiabaticity parameter α̂. Indeed, the ratio ρs/
√
ρscLn emerges as the natural

dimensionless parameter characterizing shear layer persistence. Crucially, note that
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smaller ρsc -i.e., higher Bθ enlarges the regime of ZF persistence. We note that the

dimensionless ratio ρs/
√
ρscLn is equally relevant for the core region, which lies in

the Banana regime. There the screening length is set by the poloidal gyroradius -

i.e., ρsc ≈ ρθ.

The density scale length can be determined by particle balance, in steady state, i.e.,

∂

∂x

[
−D∂n

∂x

]
= 〈νσ〉i nnn

=⇒ D

Ln
=
S

n
(85)

where S =
´
dx 〈νσ〉i nnn is the integrated particle source function. The later depends

on the ionization cross section 〈νσ〉i and neutral density nn. D is turbulent particle

diffusivity. In the adiabatic regime, the imaginary part of the linear density - potential

response function is R
(i)
nq = −q2

⊥/α. This yields the quasilinear particle diffusivity

D = csρsq
2
⊥ρ

2
sEt/α̂ (1 + q2

⊥ρ
2
s) . Using the saturated level of turbulence kinetic energy

Et = γd/σ, (as given by the predator - prey model), the particle diffusivity (in

dimensional form) becomes

D = csρs
q2
⊥ρ

2
s

α̂ (1 + q2
⊥ρ

2
s)

ρ2
sc

ρ2
s

γd
2k2

xρ
2
sΘΩ2

i

. (86)

Equation(86) shows that particle diffusivity decreases with poloidal field D ∼ ρ2sc
ρ2s
∼ B−2

θ ,

since zonal flow shears intensify for weaker screening. Using the particle balance

equation(85), the zonal flow persistence criterion(84) becomes,

S

ncs
>
ρ3
sc

ρ3
s

[
η

Ωi

]1/2 [
γd

2k2
xρ

2
sΘΩ2

i

]3/2 [
q2
⊥ρ

2
s

α̂

]1/2 [
(1 + q2

⊥ρ
2
s)

q2
yρ

2
s

]1/2

(87)

Inequality(87) gives the criterion for collapse of zonal flows, based on particle source

strength. Zonal flows will collapse when the particle source strength falls below a critical

value Scrit, which is determined by η, γd, and α̂. Inequality(87) also shows that the

critical particle source strength Scrit scales with poloidal field as Scrit ∼ ρ3sc
ρ3s
∼ B−3

θ .
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That is, the critical particle source strength decreases for stronger poloidal field( i.e.,

plasma current). Note that, in terms of particle diffusivity, the critical particle source

increases with diffusivity and scales as Scrit ∼ D1/2. The origin of Scrit is consistent

with the fact that collisional driftwave turbulence is ∇n - driven.

Inequality(87) may be converted to a limit on local edge density, in the region of the

shear layer. Since α̂ ∼ 1/n, γd = γvisc + γicx where, γvisc ∼ n and γicx ∼ n0, the above

inequality leads to a seventh order polynomial in n. This is simplified if we consider

separate limiting cases of γd = γvisc and γd = γicx. So for γd = γvisc, we obtain the

allowed density range for zonal flows persistence:

n <
ρs
ρsc

(
S

cs

)1/3(
nα̂

q2
⊥ρ

2
s

)1/6 [
2ΘΩ2

i

ρ2
i νii/ρ

2
sn

]1/2 [
Ωi

η

]1/6 [ q2
yρ

2
s

(1 + q2
⊥ρ

2
s)

]1/6

(88)

Inequality(88) gives the criterion for zonal flow collapse, in the form of a limit on the

local edge density n. We see that zonal flows collapse when the local density exceeds

a critical density ncrit, which scales with poloidal magnetic field as ncrit ∼ ρs
ρsc
∼ Bθ.

When γd = γicx, then

n <
ρ2
s

ρ2
sc

(
S

cs

)2/3(
nα̂

q2
⊥ρ

2
s

)1/3 [
2k2

xρ
2
sΘΩ2

i

γicx

] [
Ωi

η

]1/3 [ q2
yρ

2
s

(1 + q2
⊥ρ

2
s)

]1/3

(89)

gives the allowed density range. So, when the zonal flow damping is due to ionization

and charge exchange friction, the poloidal field scaling of the critical local density for

zonal flow collapse is somewhat stronger than for the case when the damping is viscous

i.e., ncrit ∼ ρ2s
ρ2sc
∼ B2

θ .

What happens when the density exceeds the critical density? Well, zonal flows collapse

and the turbulence level increases. As a result, the local edge particle and heat

diffusivities increase. The edge density nedge and temperature Tedge are related to particle
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diffusivity D and heat diffusivity χ as

nedge ≈ lz
Seff
D

(90)

and

Tedge ≈ lz
Q

nedgeχ
. (91)

Here Seff =
´ a
a−∆r

dr 〈νσ〉i nnni is the particle source strength integrated over the

(narrow) edge ionization layer ∆r, Q is the heat flux from the core and lz is scale

of shear layer at the edge. D and χ necessarily increase upon collapse of zonal flows.

As a result, the edge density and edge temperature decrease for fixed sources. These

reductions are a consequence of a transport bifurcation - i.e., a ’back transition’ from a

state where the shear layer coexists with turbulence, to one with no shear layer. The

power loss rate due to impurity radiation is given by L =
∑

Z nnZLZ(Te), where nZ

is impurity density and Lz(Te) cooling rate of impurity species Z. Reduction of Tedge

results in a increase in the power loss due to impurity radiation from low Z impurities

(e.g. carbon). Hence, zonal flow collapse can lead to edge cooling by a sequence of

shear layer collapse → increased edge transport → edge cooling → onset of radiative

condensation and/or radiation - induced island growth. Note that, in this scenario,

the radiative cooling is secondary (i.e., a consequence of) to the transport bifurcation.

Further increase of edge density by increasing Seff by intense neutral gas fueling at the

edge (at fixed heating power) will cause edge cooling. Sufficiently strong cooling may

trigger a MARFE [35] and or a radiation driven magnetic island [36, 56, 57], which can

ultimately lead to disruption. In this way, we see that a transport bifurcation -i.e., edge

shear layer collapse may trigger undesired macroscopic phenomena in the discharge, as

schematized in figure(7).

Finally, we would like to emphasize that the zonal flow collapse criteria obtained here is
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Figure 7. Enhanced transport due to zonal flow collapse can aggravate excitation of

MARFE or radiation driven islands due to enhanced edge cooling, which can lead to

disruption of discharge.

valid for the adiabatic regime i.e., α > 1. Note that, α > 1 is the regime of relevance for

present-day tokamak edges. This is different from the zonal vorticity collapse predicted

for the hydrodynamic regime (α < 1) by R. Hajjar et al [40]. For α < 1, quasilinear

analysis reveals that the particle flux scales as Γn ∼ 1/
√
α̂ and vorticity diffusivity scales

as χ ∼ 1/
√
α̂. This means that the particle flux and the turbulent viscosity increase

when α � 1. Physically, in adiabatic regime, the wave energy flux is correlated with

wave momentum flux such that the outgoing wave energy flux corresponds to incoming

wave momentum flux, which naturally leads to the formation of zonal bands. This link

of wave energy flux to Reynolds stress is broken in the hydro regime. As a result, zonal
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flow production drops, turbulence is not effectively regulated and anomalous transport

increases. This scenario is relevant in the event of the edge entering the hydrodynamic

limit. Indeed, recent experiments [38] have identified correlation between shear layer

degradation, Reynolds power decrease, particle flux increase and the α < 1 regime.

The conclusions drawn in this section follow from the envelope equations(70) and

(71). There are a number of experiments and simulations which support (“validate”)

these envelope equations. The earliest and the most notable one is a simulation of

negative compressibility - driven turbulence [58]. For that, the turbulence intensity

obtained by numerical simulations is compared with the predictions of the envelope

equations. In particular, the predicted scaling of fluctuation intensity with zonal

flow damping is recovered. Also, an experiment on DIII-D on the role of zonal flow

predator-prey oscillations in triggering the transition to H-mode confinement [8] yields

results consistent with the predictions of the extended(3-field) predator-prey model

including pressure dynamics. Global gyrokinetic simulations [59] of ITG turbulence

give a turbulent heat diffusivity proportional to ion-ion collisionality -i.e., zonal flow

damping. This is in accord with the predictions (of turbulence intensity proportional to

zonal flow damping) from the envelope equations(70) and (71).

6. Conclusions and discussions

In this paper, we have studied the physics of edge shear collapse and its role in the

approach to the Greenwald density limit . The study was motivated by the classic

observation that shallow pellet injection - which avoids excessive edge cooling - provokes,

’soft’, transport driven relaxation to the density limit rather than the familiar MARFES

and disruption [27]. It suggests that the Greenwald limit emerges from particle transport

physics. Recent experiment supported this long - standing hypothesis with the finding
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that as n → nG, edge zonal flow Reynolds power density drops, thus degrading ZF

production, while the edge particle flux abruptly increases [38]. These in turn suggest

that the degradation and collapse of the ubiquitous edge shear layer are the causes of the

abrupt increase in particle transport as n→ nG. This paper calculates the initial edge

density for shear layer collapse, and elucidates both the physics of this process and its

relation to radiation driven macroscopic phenomena. It extends significantly previous

theoretical work on this subject [40]. Here we review the most interesting results.

A striking feature of the Greenwald limit is its strong dependence on current - and

almost nothing else. With this in mind, a key outcome of this work is the unification of

neoclassical polarization and drift wave - zonal flow dynamics. These have been studied

extensively before, but almost always as separate phenomena. Neoclassical polarization

and the associated zonal flow screening length were calculated here for banana, plateau

and Pfirsch - Schluter regimes, with plateau being the most relevant. The screening

length turns out to be ρsc =
√
ρ2
s + Lρ2

θ. Here L = 1 for banana regime, L < 1 for

plateau regime and L = 0 for Pfirsch - Schluter regime. The screening lengths in the

three regimes compare as ρPSsc � ρplateausc < ρbananasc , hence the residual zonal potential

strengths compare as(
φk(∞)

φk(0)

)
Pfirsch−Schluter

�
(
φk(∞)

φk(0)

)
plateau

>

(
φk(∞)

φk(0)

)
banana

.

Favorable Bθ scaling of the zonal flow screening persists in the plateau regime. A

complete dynamical theory - including both modulational response / ’negative viscosity’

and incoherent emission / ’zonal noise’ effects is presented for the Hasegawa - Wakatani

model drift waves with neoclassical zonal response. The modulational growth rate of

the zonal flow scales with poloidal field as ∼ B2
θ , while the zonal noise scales as ∼ B4

θ .

Using the above, a ’predator-prey’ for fluctuation and zonal shear intensity was derived,

which includes zonal noise. This extends previous work on similar models [40,60]. The
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model is valid for the adiabatic regime (α ≥ 1), which is the relevant one, for present

day tokamaks.

Using the extended predator-prey system, we identified a criterion for edge shear layer

collapse. This condition is for a ’back transition’ from a state of turbulence+shear

flow to one of strong turbulence without flow, and so defines an effective shear collapse

threshold. It is rather puzzling that the Greenwald limit is not cast in terms of a

dimensionless ratio. The local zonal shear collapse criterion presented here is, however,

and takes the form:

ρs√
ρscLn

<

[
η

Ωi

γd
2k2

xρ
2
sΘΩ2

i

α̂

q2
⊥ρ

2
s

(1 + q2
⊥ρ

2
s)

3

q2
yρ

2
s

]1/4

.

Here ρs/
√
ρscLn is the fundamental dimensionless ratio, which incorporates the ZF

screening length ρsc. Observe, ρs/
√
ρscLn = ρ

1/2
? (ρs/Ln)1/2, which increases ∼

(Bθ/BT )1/2, via zonal flow screening physics. We see there is more to life than ρ?

scaling! Given the relation between fueling and density gradient, which follows from

particle balance, we derived a condition for the fueling strength required to sustain

the shear layer. This is given in equation(87). The critical integrated dimensionless

fueling strength S/ncs is set by zonal flow damping and scales as ∼ (ρsc/ρs)
3 -i.e.,

quite favorably with Bθ. Just as the critical power for the L→H transition gives the

threshold for establishing and maintenance of the edge transport barrier (i.e., mean

shear layer) [61], (S/ncs)crit gives the critical fueling strength required to maintain the

L-mode edge shear layer against viscous and charge exchange damping.

The principle results of this paper follow directly from the critical value of S/ncs. For a

primarily viscous zonal flow, we obtain a limit on the edge density so as to avoid zonal

flow collapse:

n <
ρs
ρsc

(
S

cs

)1/3(
nα̂

q2
⊥ρ

2
s

)1/6 [
2ΘΩ2

i

ρ2
i νii/ρ

2
sn

]1/2 [
Ωi

η

]1/6 [ q2
yρ

2
s

(1 + q2
⊥ρ

2
s)

]1/6

.
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For regimes where charge exchange friction is dominant, we find:

n <
ρ2
s

ρ2
sc

(
S

cs

)2/3(
nα̂

q2
⊥ρ

2
s

)1/3 [
2k2

xρ
2
sΘΩ2

i

γicx

] [
Ωi

η

]1/3 [ q2
yρ

2
s

(1 + q2
⊥ρ

2
s)

]1/3

.

These are explicit edge density bounds necessary for shear layer persistence. Note that

for viscosity dominant ncrit ∼ BθS
1/3, while for charge exchange friction dominant

ncrit ∼ B2
θS

2/3. Poloidal field scaling emerges from the zonal flow screening length.

These bounds are soft (i.e., transport) limits. While these results are bounds on the

(local) edge density, and the Greenwald density is for line averaged density, there are

several trends in common. Given that the bounds are on the local density and ρs/
√
ρscLn

is identified as the relevant dimensionless ratio, we (boldly) suggest that these results

encapsulate the key transport physics underpinning the Greenwald limit.

Of course, one could in principle support the edge shear layer by increasing S/ncs.

This, however, leads to enhanced cooling and a concomitant increase in edge radiation

to the point where MARFE’s and /or radiation driven magnetic islands and disruption

occurs. The feedback loop governing this evolution is identified, discussed, and shown

in figure(7). The fundamental point here is that MARFEs, magnetic islands etc. are

secondary to transport physics.

These results have implications for devices other than tokamaks. This follows from the

fact that the model developed here links density limit to the edge shear layer, which is

present in all known devices. The edge shear layer, in turn, is controlled (in part) by

the zonal flow screening response. In stellarators, the principal correction to classical

screening is due to helically trapped particles. This has no obvious length scale [62]

other than ρi, so the zonal flow screening is classical. Thus the “effective inertia” for

zonal flows in stellerators is lower than that for tokamks. Hence, for equal excitation

and damping, we expect zonal flow shears in stellerators to be stronger than those in

tokamaks. This feature likely explains why attempts to link stellarator density limits to
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Figure 8. A sketch of the ’phase diagram’ characterizing the states of the tokamak

edge in Sn - Q space.

magnetic geometry have failed, and why stellarator density limits are higher than those

for tokamaks.

Towards the ’big picture’, the analysis of this paper suggests a ’phase diagram’ approach

to the characterization of the states of the tokamak edge. The phase diagram is drawn

in the space of edge fueling S and core heat flux (input power) Q, which are the two

fundamental control parameters. All of the L→H transition, L-mode with and without

shear layer and the density limit regime can be unified in this way. A schematic phase

diagram is sketched in figure(8).

At this point, it is appropriate to suggest some experiments relevant to shear
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layer collapse. In addition to direct tests of the ncrit and Sn,crit, predictions in this

paper, one might also study the scale of shear layer collapse, and its correlation

with ρsc. Perturbative experiments would be very interesting. One of these could

repeat the pellet/SMBI experiment of Greenwald [27], along with relevant fluctuation

measurements. The aim is to relate the density relaxation time to predictions based

on transport dynamics. Another is to explore RMP effects on shear layer collapse. For

example, is the critical edge density with RMP lower than without? Is this because zonal

shears are already weekend by the RMP [63]? Finally, one could explore if edge biasing

can sustain an n > nG (or nedge > ncrit) by driving the edge shear layer, externally. This

technique has been shown to allow achieving H - mode - like states with good particle

confinement, at modest power [64–66]. Could biasing allow one to beat the Greenwald

limit? And is the shear layer collapse transport bifurcation hysteretic or not? Work on

all of these questions could help illuminate the transport physics of the density limit.

There are several directions for future work on shear layer collapse. One is a more

detailed and quantitative rendering of the phase diagram, discussed above. Of course,

one can pursue more detailed models, with more effects etc. Questions concerning

the interplay of Bθ scaling via ρsc with Bθ scaling via k‖ ∼ 1/qR (i.e., from Landau

damping!?) arise naturally. More interestingly, this analysis is not relevant to the

critical question of the H - mode density limit (HDL) [29, 30], where an explanation of

mean E × B shear layer collapse and the subsequent back transition is needed. This

is a key question for ITER and other future devices. En route to this, the fascinating

phenomenon whereby the plasma seems to always back-transition from H to L prior

to hitting the Greenwald limit remains to be understood. We speculate that this

phenomenon may be related to the structure of the (Q,S) phase diagram, which is

fundamental to both the density limit and the L→H transition. These questions, and
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others, will be pursued in future publications.

Finally, we note that Rice et al [13] recently showed that much of the Ohmic

phenomenology (i.e., LOC-SOC phenomenology, rotation reversal etc.) may be unified

by the scaling relation ncritqR = BT which is easily seen to be equivalent to n/nG =

const, where nG is Greenwald density and the constant is O(1/2). The familiar

Greenwald limit phenomenology (as opposed to the Ohmic confinement phenomenology)

-i.e., radiative cooling, Marfes, disruption etc., - set in for n/nG ∼ O(1). Thus, we have

a dilemma! Why the similarity to the Greenwald scalings, but for phenomena which

occur at lower density? We speculate here that the resolution may be the onset of

edge shear layer decay and collapse, accompanied by an increase in particle transport.

These occur for n/nG < 1 (but not n/nG � 1), and often are a precursor to the more

violent phenomena associated with the density limit. Indeed, in Ref [38], shear layer

decay is noticeable for n/nG ∼ 0.6. Edge shear layer decay may impact the degree

of density profile peaking. This in turn will impact global confinement. Furthermore,

recall observation that ncritqR ∼ BT appears to be related to the minimum in the

power threshold Pth for L→H transition [67, 68]. We speculate that this may be due

to the onset of pre-transition shear layer decay for n/nG < 1. This in turn weakens

the ’seed’ shear which initiates the L→H transition, and thus necessitates an increase

in the power required for the transition. These observations and speculations suggest a

link between the strength of the Ohmic / L-mode edge shear layer, and the global state

of confinement. In retrospect, this should not be so surprising. We plan to investigate

these questions in depth in future work.
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