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Introduction Local mixing and transport

“Standard Model” of DW ‐ ZF turbulence:

Disparate profile scale LT, Ln, LP and correlation scale ∆rc
⇒ local mixing, local gradient: Q = −∇T
⇒ D = ρ∗DB. DB = Csρ∗, ρ∗ = ρi/a.

• Breaking of gyro‐Bohm D ∼ ρσ∗DB, σ < 1

• “Nonlocal phenomena”
How do turbulence and transport front propagate?
Local but fast propagate? (Explicitly) non‐local?

Theory Extension

• Turbulence Spreading

• Avalanching
Core idea is replacing the local Fick’s law Q = −∇T
with a delocalize flux‐gradient relation [1, 2, 3]

Q = −
∫
dr′K(r− r′)∇T(r′) (1)

where K(r− r′) is the nonlocal kernel.

We show that, ⟨ϕ̃2⟩ evolution is explicitly non‐local. And such non‐locality can affect turbulence spreading.

Explicitly Nonlocal vs. Heuristic Model

∂t⟨ϕ̃2⟩ =
∫
γ(r− r′)⟨ϕ̃2⟩(r′)dr′ + · · · vs. ∂tE = ∂x[(D0E)∂xE ] + γ(x)E − σE2
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Spreading Model

Roadmap

KE: ∂t̄f+ΩDE∂α f̄− [J0ϕ, f̄] = 0, QuasiNeutral: ni = ne Darmet Model: hi

Goal: Evolution of ⟨ϕ̃2⟩
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Spreading Model From KE to PV

For low frequency turbulence in Tokamak (ω < ωb, bounce frequency):
f(⃗r, p⃗, t) Gyro−average−−−−−−−−→

Bounce−average
f̄(ψ, α, E, t). ψ radial, α angle, and E is the energy[4].

{
∂t̄f+ΩDE∂α f̄− [J0ϕ, f̄] = 0

ni = ne
(2)

where [F,G] = ∂αF∂ψG− ∂ψF∂αG.

+
• Mean, adiabatic and non‐adiabatic:
f̄ = ⟨f⟩ − qi,eϕ

Ti,e
⟨f⟩+ hi,e.

• Fluctuation not response to zonal potential:
ñi,e/n0 = −qi,e(ϕ− ⟨ϕ⟩α)/Ti,e

The non‐adiabatic distribution function hi and quasi‐neutrality equation (Darmet Model [4, 5, 6]):

∂thi +ΩDE∂αhi−
[
ϕ̄,− q

Ti
(ϕ− ⟨ϕ⟩α)⟨fi⟩+ hi

]
= ∂t

(
q
Ti
(ϕ− ⟨ϕ⟩α)⟨fi⟩

)
+ ∂α(ϕ− ⟨ϕ⟩α)∂ψ⟨fi⟩ (3)

Cad (ϕ− ⟨ϕ⟩α)− Ci∆i+eϕ =
2

n0
√
π

∫ ∞

0

Jhi
√
EdE− 2

n0
√
π

∫ ∞

0

Jhe
√
EdE (4)

where Ci = q/Ti, Cad = Ci(1+ τ)/
√
2ε0, τ = Ti/Te. ∆s = ρ20s∂

2
α + δ2bs∂

2
ψ . A minimal K.S. for DW turbulence.
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Spreading Model From KE to PV

Roadmap

KE: ∂t̄f+ΩDE∂α f̄− [J0ϕ, f̄] = 0, QuasiNeutral: ni = ne Darmet Model: hi

Evolution of Fluctuation T̃、Ũ ≡ ϕ̃−∆ϕ̃

Goal: Evolution of ⟨ϕ̃2⟩

Moment
Separate by symmetry
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Spreading Model From KE to PV

he = 0 and neglect ∆e. Taking the derivative of equation (4) w.r.t. time. Separate the results according to
symmetry in angle direction. ϕ = ϕ̃+ ϕZ[7, 8].

(
∂

∂t
+ Ṽ · ∇+ VZ · ∇

)
(Ci∆ϕ̃) =

3

2
ΩD∂αT̃i − iCe(ω − ωE +

ωi∗n
τ

)ϕ̃− CiṼ(ψ)∂ψ(∆ϕZ) (5)

∂

∂t
[
Ci∆ϕZ

]
=Ci⟨∇ϕ̃× ẑ · (∇∆ϕ̃)⟩α ≡ −Ciδ2b0∂2

ψ ⟨ṽψ ṽα⟩α (6)

Defined potential‐vorticity quantity: Ũ ≡ Ceϕ̃− Ci∆ϕ̃. Then:

Eq.(5) =⇒
(
∂

∂t
+ Ṽ · ∇+ VZ · ∇

)
Ũ = −3

2
ΩD∂yT̃i + CiṼ(r)∂r(∆ϕZ) (7)

where (ψ, α) → x⃗ ≡ (r, y), ΩD is a typical (constant) ion precession velocity. Equation above is similar to
the H‐M eq. Potential vorticity Ũ is a conserved macro‐quantity, here broken by the linear terms.
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Spreading Model PV to ⟨ϕ̃2⟩

Potential vorticity conservation equation:(
∂

∂t
+ Ṽ · ∇+ VZ · ∇

)
Ũ = −3

2
ΩD∂yT̃i + CiṼ(r)∂r(∆ϕZ) (7)

γ

⊗
G

⇒
G ⊗ γ

Fig 1: Effect of convolution with G

Ũ⇒ ϕ̃?

According to the definition, there is

Ũk̄ = (Ce + Cik̄2)ϕ̃k̄ −→ ϕ̃k̄ =
Ũk̄

Ce + Cik̄2

yields−−−→ ϕ̃ =

∫
G(x, x′)Ũ(x′)dx′ ≡ G ⊗ Ũ (8)

where Green’s function:

G(x, x′) =
√
A
2
e−

√
A|x−x′|, A ∼ δ−2

b (9)

Naturally, the intensity of ⟨ϕ̃2⟩ is:〈
ϕ̃2

〉
= lim

1→2

∫∫
G(x1, x′1)G(x2, x′2)

〈
Ũ(x′1)Ũ(x′2)

〉
dx′1dx′2

Terms like
〈
ṽr1 Ũ1U2

〉
can be closed by two‐point

quasilinear approximation,(
Ũ1U2

)
ky
ω

= −
[
R(1)ky
ω

ṽky
r
(x1)eikyy1∂r1 + R(1)ky

ω

ṽky
y
(x1)eikyy1∂y1

+R(2)ky
ω

ṽky
r
(x2)eikyy2∂r2 + R(2)ky

ω

ṽky
y
(x2)eikyy2∂y2

]〈
Ũ1Ũ2

〉
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Spreading Model

Roadmap

KE: ∂t̄f+ΩDE∂α f̄− [J0ϕ, f̄] = 0, QuasiNeutral: ni = ne Darmet Model

Evolution of Fluctuation T̃、Ũ ≡ ϕ̃−∆ϕ̃

Evolution of PE: ⟨Ũ(1)Ũ(2)⟩

Goal: Evolution of ⟨ϕ̃2⟩

Moment
Separate by symmetry

2‐p correlation [9]

⟨Ũ(1)∂tŨ(2) + Ũ(2)∂tŨ(1)⟩
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PV to ⟨ϕ̃2⟩

Roadmap

KE: ∂t̄f+ΩDE∂α f̄− [J0ϕ, f̄] = 0, QuasiNeutral: ni = ne Darmet Model

Evolution of Fluctuation T̃、Ũ ≡ ϕ̃−∆ϕ̃

Evolution of PE: ⟨Ũ(1)Ũ(2)⟩

Goal: Evolution of ⟨ϕ̃2⟩

Moment
Separate by symmetry

2‐p correlation

⟨Ũ(1)∂tŨ(2) + Ũ(2)∂tŨ(1)⟩
2‐p quasilinear method

Green’s function
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Spreading Model PV to ⟨ϕ̃2⟩

The evolution equation of potential intensity [10]:

∂

∂t

〈
ϕ̃2

〉
= G ⊗ ∂

∂r

[
2D0

〈
ϕ̃2

〉 ∂

∂r

(〈
ϕ̃2

〉
− δ2b

2

∂2

∂r2
〈
ϕ̃2

〉)]
+G ⊗

(
γL(r)

〈
ϕ̃2

〉)
−D0

l2r

〈
ϕ̃2

〉2

(10)

Heat flux drive approximated: ⟨ṽrT̃⟩ ∼ −⟨ϕ̃2⟩∂r⟨T⟩ ∼ −γL⟨ϕ̃2⟩ (assumed ∂r⟨T⟩ ∼ ⟨T⟩/LT > 0).
Neglected the ϕZ for simplicity.

• Nonlocal nonlinear diffusion: Nonlocality is weak as shown latter, simplified as ∂r(2D0⟨ϕ̃2⟩∂r⟨ϕ̃2⟩)

• Nonlocal growth: Distributed pumping of ⟨ϕ̃2⟩ from the heat flux ⟨ṽrT̃⟩.
Kernel width of G(x, x′) ∝ exp(−|x− x′|/δb) is several δb, thus the growth of ⟨ϕ̃2⟩ at r is affected by a
region of several δb in width. Preconditions:
1. The curvature of the field⇒ trapped ion orbit and ion‐precessional motion.
2. The polarization charge due to trapped ions⇒ redistribution of fluctuating temperature.

• Nonlinear local damping: Dy,y ≈ 2
∑

ky Rky
ω

∣∣∣ϕ̃k∣∣∣2 k2y
k2y l2r

(1− cos(kyy−))
⟨y2−⟩>1
−−−−−→≈ 2D0

〈
ϕ̃2

〉 1

k̄2y l2r

© Qinghao Yan & P H Diamond Physics of Turbulence Spreading and Explicit Nonlocality 10 / 26



Spreading Model

Heuristic Model[11, 12] vs. Explicitly Nonlocal Model

∂tE = ∂x[(D0E)∂xE ] + γ(x)E − σE2 vs. ∂t
〈
ϕ̃2

〉
= G ⊗ N‐lin. Diff.+ G ⊗

(
γL(r)

〈
ϕ̃2

〉)
− D0

l2r

〈
ϕ̃2

〉2

Illustration of quantities:

• Vf, the leading edge propagating speed

• Shape of front characterized with distance
between “Foot”, “Center” and “Head”

• Penetration of leading edge into the stable
region:

• Depth, ∆p
• Area, Sp

How do those nonlocal terms affect spreading
front generation and propagation?

Saturation Level

Stability Separatrix
Stable regionUnstable region

⟨
ϕ̃2

⟩

r
Foot

Center

Head

Vf

∆p

Sp

Sl

Wider, Faster and Deeper
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Numerical Results Wider Leading Edge
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Fig 2: Evolution of (a) with nonlocal diffusion, (b)
with nonlocal growth.
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Fig 3: Width of the propagating front in different equations with a fixed ρi when
varying δb .

• Wf ∝ δb

• G ⊗ (γL(r)⟨ϕ̃2⟩) is much more effective.
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Numerical Results Faster Propagation
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Fig 4: Leading edge propagation speed for different models when
varying δb with ρi = 0.01. Data points with lighter colors indicate
where δb < ρi and are excluded from the fit lines.

• δb → 0, the speed converges to classic
Fisher‐KPP front speed

√
2γD = 0.01 [12].

• δb > ρi, Vf ∝
√
2γD(1 + δb)

• Data form NG&ND and NG&LD
overlapping indicates that the nonlocal
growth effect dominates.
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Numerical Results Deeper Penetration Into Stable Region
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Fig 5: Front penetration∆p (a) and effective penetration Sp (b) against δb∗ for different equations. Simple
linear relation can fit both∆p and Sp , when δb∗ > ρ∗ . Data points in lighter colors are excluded from the fits.

∆p, Sp ∝ δb∗
Symmetric−−−−−→
Domain

D̄(⟨ϕ̃2⟩) ∝ 1− Sl = 1− δb∗ (11)

where δb∗ = δb/LT.
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⋆ Further Study Zonal Flow + Turbulence Spreading

ZF: ∂
∂t

[
∆ϕZ

]
= −∂r

〈
ṽr∆ϕ̃

〉
y
+ ν

∂2

∂r2
∆ϕZ

PE: 1
2

∂

∂t
⟨U2⟩ = ∂

∂r
DK ∂
∂r

⟨U2⟩ − Ω̄Dℜ
{
⟨T̃(A−∆)ṽr⟩

}
− δ2b∂

3
r ϕZ

〈
ṽr∆ϕ̃

〉
y

Zonal Energy and PE are connected
through vorticity flux


∫

∆ϕZ
∂

∂t
[
∆ϕZ

]
dr =⇒

∫
δ2b∂

3
r ϕZ

〈
ṽr∆ϕ̃

〉
y
dr+ · · ·∫

1

2

∂

∂t
⟨U2⟩dr =⇒ −

∫
δ2b∂

3
r ϕZ

〈
ṽr∆ϕ̃

〉
y
dr+ · · ·

⟨ṽr∆ϕ̃⟩y ∼ χnon−res
1

∂r ln⟨T⟩√
2ε0

−
(
χnon−res
2 + χres

2

)
δ2b∂

3
r ϕZ

χres
2 ∼

∑
k

[ṽr(k)]2 πδ(ω − kyVZ − kybkΩ̄D)

Ideas:

• Trace of R‐K type inst.

• Resonant transport is crucial.

• ⟨T⟩ evolution.
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Conclusions and Discussions

Roadmap

KE & QuasiNeutrality Darmet Model T̃、Ũ ≡ ϕ̃−∆ϕ̃ ⟨Ũ(1)Ũ(2)⟩

∂t

⟨
ϕ̃2

⟩
= ∂r

[
D0

⟨
ϕ̃2

⟩
∂r

⟨
ϕ̃2

⟩]
+ G ⊗

(
γL(r)

⟨
ϕ̃2

⟩)
−
D0

l2r

⟨
ϕ̃2

⟩2 Green’s function

Conclusions

1. ∂t⟨ϕ̃2⟩ is explicitly nonlocal.

2. Explicit non‐local growth is the principal new effect.

3. Potential vorticity Ũ = Aϕ̃−∆ϕ̃ conservation.

4. Inverting PV to ϕ̃ ⇒ Green’s Function:
G(x, x′) ∝

√
Ae−

√
A|x−x′|

⇒ δb sets range of nonlocality, which is modest.

5. Vf ≃ (γD)1/2(1 + δb), ∆p ∝ δb∗

Discussions and Future Plans

• The utility of PV (potential vorticity).

• Near macro‐marginality⇒ Explicit nonlocality ↑.

• Pedestal⇒ δb/LT ↑.

• Energetic particle‐driven turbulence⇒ δb ↑.

• Including ZF
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Questions and Answers

Thanks!
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Supplement Full Model

(
∂

∂t
+ Ṽ · ∇+ VZ · ∇

)
(Ci∆ϕ̃) =

3

2
ΩD∂αT̃i − iCe(ω − ωE +

ωi∗n
τ

)ϕ̃− CiṼ(ψ)∂ψ(∆ϕZ) (12)

∂

∂t
[
Ci∆ϕZ

]
=Ci⟨∇ϕ̃× ẑ · (∇∆ϕ̃)⟩α ≡ −Ciδ2b0∂2

ψ ⟨ṽψ ṽα⟩α (13)

Taking moment of (3), then obtain the fluctuating temperature T̃i evolution

√
2ε0

(
∂t + Ṽ · ∇+ VZ · ∇

)
T̃i =− i(ω − ωE − ωi∗n − ωi∗T)⟨Ti⟩

qϕ̃
Ti

(14)

∂

∂t
(⟨Ti⟩+ ⟨Ti⟩ ln⟨ni⟩) =

√
2ε0⟨∇ϕ̃× ẑ · ∇T̃i⟩α

≡−
√
2ε0∂ψ⟨ṽψT̃i⟩α (15)
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Supplement Full PV

(5) to (15) are equivalent to a set of PV (Potential Vorticity) conservation equation：

∂t⟨q⟩ =
〈
∇ϕ̃× ẑ · ∇δq

〉
α
= −∂ψ ⟨ṽψδq⟩α (16)

d
dt
δq = −3

2
ΩD∂αT̃i − Ṽ · ∇⟨q⟩ (17)

d
dt

=
∂

∂t
+ Ṽ · ∇+ VZ · ∇, ⟨q⟩ = τ√

2ε0
ln⟨Ti⟩ − Ci∆ϕZ, δq = τ

T̃i
⟨Ti⟩

− Ci∆ϕ̃
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Supplement Full PE

Multiplying eq (17) with δq to obtain PE (Potential Enstrophy), and averaging in α:

1

2
∂t⟨δq2⟩+

1

2
∂ψ⟨ṽψδq2⟩ = −3

2
ΩD⟨δq∂αT̃i⟩ − ⟨ṽψδq⟩∂ψ⟨q⟩ (18)

The quasilinear expression of δq is as below. Assumed ω(k) = ωR(k) + iγ(k), where γ(±k) ≥ 0:

δqk =
3

2

kαΩD

ω − kαvZ
T̃k −

i∂ψ⟨q⟩
ω − kαvZ

ṽψ(k)

=
3

2

kαΩD[ωR − kαvZ − iγ]
|ω − kαvZ|2

T̃k −
i∂ψ⟨q⟩[ωR − kαvZ − iγ]

|ω − kαvZ|2
ṽψ(k) (19)

Define ⟨δq2⟩/2 ≡ E , then:

∂tE = ∂ψDE∂ψE + χ1 [∂ψ⟨q⟩]2 + χ2

[
3

2
ΩD

]2

− 2χ3

[
3

2
ΩD∂ψ⟨q⟩

]
(20)

χ1 =
∑
k

γ⟨ṽ2ψ⟩k
|ω − kαvZ|2

, χ2 =
∑
k

γk2α⟨T̃2⟩k
|ω − kαvZ|2

, χ3 =
∑
k

γkαℑ
{
⟨ṽψT̃⟩k

}
|ω − kαvZ|2
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Supplement Influence on transport scaling

0 200 400 600 800 1000
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1

Fig 6: Transport coefficient D = D0I transit from “DB” to DGB . A simple linear relation is obtained:
¯̂I = Ī/ρ2

∗ = 1 − δb∗ .
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Supplement

Usual spreading:

Fig 7: In GTC simulations, χi and turbulence intensity varies with device size[?].

χi ≃
χ0

(1 + 50ρ∗)2
(21)
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Supplement

“Hacking” of Mathematica©

NDSolve⇒


state = NDSolve‘ProcessEquations⇐ Parallelizing
NDSolve‘Iterate[state, 0, tmax]
sol = NDSolve‘ProcessSolutions[state]
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